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Abstract
In this paper, we study the extending problem of the Yamabe flow ∂g
∂t
= −Rg on complete Riemannian
manifolds. Suppose that (Mn,g(t)) is a solution to the Yamabe flow on a complete Riemannian manifold
on time interval [0, T ), where n  3 and T < +∞. We first prove that the Yamabe flow can be extended
over T provided the scalar curvature function stays uniformly bounded on [0, T ). Next, we show that the
Yamabe flow with positive Yamabe invariant can be extended beyond T provided the (local) Ln+22 norm
of the scalar curvature function is uniformly bounded on [0, T ). This latter result is obtained by the Moser
iteration method.
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1. Introduction
In this paper, we study the extending problem for the Yamabe flow on an n-dimensional
(n 3) complete Riemannian manifold (Mn,g0)
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∂t
= −Rg, (1)
in the time interval [0, T ), T < ∞, where g(t) is a family of Riemannian metrics on the manifold
M and R = R(g) is the scalar curvature of the metric
g := g(t) = u4/(n−2)g0, (2)
where n 3 and u : M → R is a positive smooth function on Mn [14]. The extending problem
is to find the weakest conditions such that the flow (1) can be extended smoothly beyond T .
The extending problem for Hamilton’s Ricci flow and mean curvature flows have been well
studied by many authors and one may see [20,27,15] for more references. So a natural question
is that whether we have the analogous results for Yamabe flow (1) on a complete Riemannian
manifold. The local existence of the Yamabe flow on a complete Riemannian manifold with
bound curvature can be obtained as in W. Shi [23] (see also [1] and [15]). We remark that based
on the classical elliptic estimate, we have the following blow-up criterion (see Theorem 1 below).
Namely, if T < ∞ is the maximal existence time of the Yamabe flow g(t), then we have
lim
t→T
∣∣R(t)∣∣
L∞ = ∞,
where R(t) is the scalar curvature of the metric g(t). It is obvious that the contrary statement
of above mentioned blow-up criterion for the Yamabe flow (1) can be stated as an extending
condition. Namely, g(t) can be extended smoothly beyond T if R(t) (see the definition in (2))
is uniformly bounded on [0, T ). Generally speaking, at the first time blow-up time, we may
rescale the flow to get ancient solution or a Yamabe soliton (see [21] and [11]). In this paper,
we will focus on a new extension condition on the scalar curvature with space–time geometric
information.
The Yamabe flow on a closed Riemannian manifold was proposed by R. Hamilton [18] in the
1980s as a tool for solving the Yamabe problem in a given conformal class on M [2–4,24,22].
For the case when the initial metric is locally conformally flat and has positive Ricci curvature,
B. Chow [8] has proved that the normalized flow
∂g
∂t
= (r − R)g, (3)
converges to a metric of constant scalar curvature, where R denotes the scalar curvature of metric
g and r denotes the average scalar curvature. Then R. Ye [26] has improved B. Chow’s result
by assuming only that the initial metric is locally conformally flat. On the other hand, the Ricci
flow on surfaces (the 2-dimensional analogue of Yamabe flow) has been completely solved by
R. Hamilton [17] and B. Chow [7] (it always converges as t = ∞ after a normalization [16,12]).
In the recent interesting work [25], M. Struwe and H. Schwetlick have proved the convergence
of the flow (3) to the constant scalar curvature (without assumption that initial metric is locally
conformally flat) in lower dimensions (3 n 5) under the assumption that the positive Yamabe
quotient (see the formula (9) in Section 2 for the definition) of the initial metric is less than
(Λ(M,g0)
n
2 +Λ(Sn) n2 ) 2n , where Λ(Sn) denotes the Yamabe invariant of the standard sphere Sn.
In [5] and [6], S. Brendle has obtained the analogue results with large Yamabe quotient.
We point out that one of the basic topics of interest in the study of geometric flows as well
as nonlinear evolution equations is the extending problem (or equivalently, the blow-up prob-
lem). This gives us the criterion if there exists a singularity at some time T . We also remark that
R. Hamilton [18] (see also R. Ye [26]) has proved the solution to normalized Yamabe flow (3)
exists for all time with any initial metric. For the Yamabe flow (1) on a complete Riemannian
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ticular, it is interesting to consider the extending problem of Yamabe flow (1) mentioned above.
For a trivial example, the Yamabe flow (1) must blow up at finite time if the initial metric has the
positive scalar curvature on the complete Riemannian manifold by applying the maximum prin-
ciple [13,19,9] to evolution equation for the scalar curvature (see the equation in (8) below). The
blow-up time depends on the point-wise lower bound of the scalar curvature. As a comparison,
we mention again that in this paper, we look for the new contrary conditions for blow-up.
First, we show that the upper bound of scalar curvature is enough to extend the Yamabe flow
(1) beyond T < ∞. This is known, essentially due to R. Hamilton, to the Yamabe flow (1).
Theorem 1. Assume (M,g(0)) is a complete Riemannian manifold with bounded curvature.
Suppose (Mn,g(t)), t ∈ [0, T ), where n  3 and T < ∞, is a solution to the Yamabe flow (1)
on the complete Riemannian manifold M satisfying supM×[0,T ) R < +∞. Then this flow can be
extended beyond the time T .
Next, we have the following result, which shows that the locally bounded Ln+22 norm in space–
time of the scalar curvature is enough to extend the Yamabe flow (1) over T for the case when
the Yamabe invariant of Mn is positive.
Theorem 2. Suppose (Mn,g(t)), t ∈ [0, T ), where n 3 and T < ∞, is a solution to the Yamabe
flow (1) on a complete Riemannian manifold with locally bounded curvature satisfying
‖R‖ n+2
2 ,M×[0,T ) =
( T∫
0
∫
M
|R| n+22 dμdt
) 2
n+2
< +∞, (4)
where dμ = dvg(t). Then this flow can be extended over time T provided the Yamabe invariant
of (Mn,g0) is positive.
This result is obtained by using a Moser iteration argument [10].
Denote by Bg(t)(x,R) the metric ball at the center x ∈ M of radius R in the metric g(t).
We point out that the same result can be obtained by localized the condition (6) as
‖R‖ n+2
2 ,R0,T
= sup
x∈M,R∈(0,R0)
( T∫
0
∫
Bg(t)(x,R)
|R| n+22 dμdt
) 2
n+2
< +∞, (5)
for some uniform constant R0 > 0.
Finally, we restate the conclusion of Theorem 2 in the following way about Yamabe flow.
Theorem 3. Assume (Mn,g(0)) (n 3) is a complete Riemannian manifold with bounded cur-
vature and with the positive Yamabe invariant. Suppose (Mn,g(t)), where t ∈ [0, T ) and T > 0,
is a maximal solution to the Yamabe flow (1) on a complete Riemannian manifold with locally
bounded curvature satisfying
‖R‖ n+2
2 ,M×[0,T ) =
( T∫
0
∫
M
|R| n+22 dμdt
) 2
n+2
< +∞, (6)
where dμ = dvg(t). Then T = ∞, i.e., the Yamabe flow is a global flow.
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Section 3, we give proofs of Theorems 1 and 2.
2. Preliminaries
In this section, we give a few preliminaries about the Yamabe flow (1).
First, we can write g = u 4n−2 g0, g0 = g(0) and n 3, with u being a positive smooth function
on M , and change time variable by a constant scale such that (1) is equivalent to the following
heat type equation
∂up
∂t
= Lg0u, (7)
where p = n+2
n−2 , Lg0u = g0u − aRg0u and a = n−24(n−1) . For simplicity, we denote by Ω any
bounded domain in the manifold Mn and for T0 > 0, D the parabolic domain Ω × [0, T0].
We use the following notations: ‖f ‖q,Ω = (
∫
Ω
|f |q dμ) 1q , ‖f ‖q,D = (
∫ T0
0
∫
Ω
|f |q dμdt) 1q for
any q > 1 and any function f (x, t) on Ω × [0, T0].
Next, we recall some well-known formula from the famous paper of Chow [8] (see Lem-
mas 2.2 and 2.4).
Lemma 1. We have the following evolution equation for the scalar curvature R
Rt = (n − 1)R + R2 (8)
along the Yamabe flow (1).
Recall that the Yamabe quotient is defined by
Q(u) = E(u)‖u‖22n
n−2 ,M
, (9)
where
E(u) =
∫
M
(|∇g0u|2 + aRg0u2)dμg0, ‖u‖ 2n
n−2 ,M
=
(∫
M
|u| 2nn−2 dμg0
) n−2
2n
.
Then the Yamabe invariant is defined by
Λ = inf{Q(u) ∣∣ u ∈ H 1(M)\{0}}. (10)
Note that the Yamabe invariant is a conformal invariant. Hence it is invariant under the Yamabe
flow (7). It follows that
‖u‖22n
n−2 ,M
 1
Λ
∫
M
(|∇g0u|2 + aRg0u2)dμg0, (11)
under the Yamabe flow (7) provided Λ > 0 for u ∈ H 1(M)\{0}. Then we have the following
Sobolev type inequality.
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interval [0, T0], n 3, if the Yamabe invariant Λ > 0, then we have
∥∥f 2∥∥ n+2
n
,D
 C
(
max
0tT0
∥∥f (·, t)∥∥22,Ω +
∫
D
(|∇f |2 + aRf 2)dμdt), (12)
for any f ∈ C10(D), where C is a positive constant depending only on Λ.
Proof. Since that
∫
D
f
2(n+2)
n dμdt =
T0∫
0
∫
Ω
f 2 · f 4n dμdt

T0∫
0
(∫
Ω
f
2n
n−2 dμ
) n−2
n
(∫
Ω
f 2 dμ
) 2
n
dt
 1
Λ
max
0tT0
∥∥f (·, t)∥∥ 4n2,Ω
∫
D
(|∇f |2 + aRf 2)dμdt.
It follows that
‖f ‖ 2(n+2)
n
,D

(
1
Λ
) n
2(n+2)
max
0tT0
∥∥f (·, t)∥∥ 2n+22,Ω
(∫
D
(|∇f |2 + aRf 2)dμdt) 12 · nn+2

(
1
Λ
) n
2(n+2)(
max
0tT0
∥∥f (·, t)∥∥2,Ω +
(∫
D
(|∇f |2 + aRf 2)dμdt) 12).
Hence the result follows immediately. 
3. Proofs of Theorems 1–2
In this section, we give the proofs of Theorems 1–2. First, we use a simple argument to prove
Theorem 1.
Proof of Theorem 1. By (8) and the maximum principle, we know that the lower bound for R
is non-decreasing. Hence, R is bounded by below on [0, T ). Hence we have |R| < C on [0, T ).
From ∂g
∂t
= −Rg, we have
exp(−CT )g(0) g(t) exp(CT )g(0),
for t ∈ [0, T ). Then we get
0 < exp
(
− (n − 2)C
4
T
)
u(0) u(t) exp
(
(n − 2)C
4
T
)
u(0).
By the standard regularity results for parabolic equations with application to (7), we know that all
derivatives of u are bounded on time interval [0, T ). In particular, all derivatives of g are bounded
on time interval [0, T ). Hence, the Yamabe flow (1) can extended smoothly over T . 
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the scalar curvature by using Moser iteration arguments similar to the methods in [27]. The idea
is this. From Eq. (8) we can see that the infimum of R is non-decreasing in time. Hence, to get
the uniform bound of the scalar curvature, we only need to control the positive part of the scalar
curvature.
Lemma 3. Let (Mn,g(t)), 0  t  T0, n  3, be the solution to the Yamabe flow on a com-
plete Riemannian manifold with the Yamabe invariant Λ > 0. Then there is a positive constant δ
depending only on n, Λ such that if ‖R‖ n+2
2 ,D
 δ, we have
‖R+‖∞,D1  C(B,T0,Λ, r, n)‖R‖ n+22 ,D, (13)
where D1 D is the parabolic domain, R+(x, t) = max{R(x, t),0} and C(B,T0,Λ, r, n) is a
positive constant only depending on T0,Λ, r, n and the lower bound of scalar curvature −B at
initial time.
Proof. Choose a cutoff function η(x, t) ∈ C∞(D) such that η(·, t) ∈ C∞0 (Ω), η(x,0) = 0 and
η(x, ·) is non-decreasing for t . For β > 1 we shall use η2Rβ−1 as a test function. Without lose
of generality, we may assume that R  0. We remark that we may use R+ instead of R for the
general case. It follows that for any s ∈ (0, T0], we have
s∫
0
∫
Ω
(n − 1)(−R)η2Rβ−1 dμdt +
s∫
0
∫
Ω
∂R
∂t
η2Rβ−1 dμdt =
s∫
0
∫
Ω
η2Rβ+1 dμdt.
Integrating by parts yields
s∫
0
∫
Ω
(
2(n − 1)η〈∇η,∇R〉Rβ−1 + (β − 1)(n − 1)η2Rβ−2|∇R|2)dμdt
+ 1
β
(∫
Ω
η2Rβ dμ|s −
s∫
0
∫
Ω
2η
∂η
∂t
Rβ dμdt + n
2
s∫
0
∫
Ω
η2Rβ+1 dμdt
)
=
s∫
0
∫
Ω
η2Rβ+1 dμdt.
Using the Cauchy–Schwartz inequality, we have
(n − 1)(β − 1 − 	2)
s∫
0
∫
Ω
η2Rβ−2|∇R|2 dμdt + 1
β
∫
Ω
η2Rβ dμ|s

s∫
0
∫
Ω
η2Rβ+1 dμdt + n − 1
	2
s∫
0
∫
Ω
Rβ |∇η|2 dμdt + 1
β
( s∫
0
∫
Ω
2η
∂η
∂t
Rβ dμdt
− n
2
s∫ ∫
η2Rβ+1 dμdt
)
.0 Ω
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β
2 |2 = β24 Rβ−2|∇R|2 and |∇(ηR
β
2 )|2  2η2|∇R β2 |2 +
2Rβ |∇η|2, we have
(n − 1)
(
1 − 1
β
) s∫
0
∫
Ω
∣∣∇(ηR β2 )∣∣2 dμdt + ∫
Ω
η2Rβ dμ|s

(
β − n
2
) s∫
0
∫
Ω
η2Rβ+1 dμdt + 2(n − 1)
(
β
β − 1 +
β − 1
β
) s∫
0
∫
Ω
Rβ |∇η|2 dμdt
+
s∫
0
∫
Ω
2η
∂η
∂t
Rβ dμdt.
It follows that
s∫
0
∫
Ω
∣∣∇(ηR β2 )∣∣2 dμdt + ∫
Ω
η2Rβ dμ|s
 Γ (β)
( s∫
0
∫
Ω
η2Rβ+1 dμdt +
s∫
0
∫
Ω
Rβ |∇η|2 dμdt +
s∫
0
∫
Ω
2η
∂η
∂t
Rβ dμdt
)
.
Here we may choose Γ (β) = 6nβ for β  2. In particular, we have
max
0sT0
∫
Ω
η2Rβ dμ|s +
T0∫
0
∫
Ω
∣∣∇(ηR)β2 ∣∣2 dμdt
 Γ (β)
(∥∥∥∥
(
|∇η|2 + 2η∂η
∂t
)
Rβ
∥∥∥∥
1,D
+
T0∫
0
∫
Ω
η2Rβ+1 dμdt
)
. (14)
Then by (12),
∥∥(ηR β2 )2∥∥ n+2
n
,D
 C
(
max
0sT0
∫
Ω
η2Rβ dμ|s +
T0∫
0
∫
Ω
∣∣∇(ηR)β2 ∣∣2 dμdt
+ a
T0∫
0
∫
Ω
R
(
ηR
β
2
)2
dμdt
)
 CΓ ′(β)
(∥∥∥∥
(
|∇η|2 + 2η∂η
∂t
)
Rβ
∥∥∥∥
1,D
+
T0∫
0
∫
Ω
η2Rβ+1 dμdt
)
 CΓ ′(β)
(∥∥∥∥
(
|∇η|2 + 2η∂η
∂t
)
Rβ
∥∥∥∥
1,D
+ ‖R‖
D, n+22
∥∥(ηR β2 )2∥∥ n+2
n
,D
)
 CΓ ′(β)
(∥∥∥∥
(
|∇η|2 + 2η∂η
∂t
)
Rβ
∥∥∥∥ + δ∥∥(ηR β2 )2∥∥ n+2
n
,D
)
,1,D
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such that δCΓ ′(β) 12 , it follows that
∥∥η2Rβ∥∥ n+2
n
,D
 2CΓ ′(β)
(∥∥∥∥
(
|∇η|2 + 2η∂η
∂t
)
Rβ
∥∥∥∥
1,D
)
. (15)
If we have ‖R‖q,D  C′ for q > n+22 , then
∥∥(ηR β2 )2∥∥ n+2
n
,D
 CΓ ′(β)
(∥∥∥∥
(
|∇η|2 + 2η∂η
∂t
)
Rβ
∥∥∥∥
1,D
+
T0∫
0
∫
Ω
η2Rβ+1 dμdt
)
 CΓ ′(β)
(∥∥∥∥
(
|∇η|2 + 2η∂η
∂t
)
Rβ
∥∥∥∥
1,D
+ C′∥∥(ηR β2 )2∥∥ q
q−1 ,D
)
. (16)
Since q
q−1 <
n+2
n
, we get
∥∥(ηR β2 )2∥∥ q
q−1 ,D
 	′
∥∥(ηR β2 )2∥∥ n+2
n
,D
+ (	′)−ν∥∥(ηR β2 )2∥∥1,D, (17)
where ν = n+22q−n−2 . Next we choose 	′ = 12CC′Γ ′(β) . Since we can always assume that Γ ′(β) 1,
∥∥η2Rβ∥∥ n+2
n
,D
 C0
(
n,q,Λ,C′
)
Γ ′(β)1+ν
∥∥∥∥
(
|∇η|2 + 2η∂η
∂t
+ η2
)
Rβ
∥∥∥∥
1,D
. (18)
We define the smooth functions γ (t), ρ(t) by
γ (t), ρ(t) =
{0, t  0,
1, t  T0,
such that 0  γ ′(t)  1 and −1  ρ′(t)  0. For the sequence tk = ( 12 − 12k+1 )T0, rk =
( 12 + 12k+1 )r , Ωk = Bg(T0)(p, rk), Dk = Ωk × [tk, T0], we define γk(t) = γ (
t−tk−1
tk−tk−1 ), ρk(s) =
ρ(
s−rk
rk−1−rk ) and the cut-off functions ηk(x, t) = γk(t)ρk(dg(T0)(x,p)). Hence we have |
∂ηk
∂t
| 
2k+1 and |∇ηk|g(T0)  2k+1r−1. Recall that the lower bound of scalar curvature is preserved un-
der the Yamabe flow, i.e. R −B . It follows that ∂
∂t
|∇ηk|2g(t) = Rg(∇ηk,∇ηk)−B|∇ηk|2g(t).
So we get
|∇ηk|2g(t)  exp
(
B(T0 − t)
)|∇ηk|2g(T0)  exp(BT0)|∇ηk|2g(T0)  exp(BT0)2k+1r−1,
for t ∈ [0, T0]. Taking β = n+22 in (15), we conclude that
‖R‖ n+2
n
· n+22  C
′(B,T0,Λ, r, n).
Taking q = n+2
n
· n+22 and C′ = C′(B,T0,Λ, r, n) in (18), we have∥∥Rβ∥∥ n+2
n
,Dk

∥∥η2kRβ∥∥ n+2
n
,Dk−1
 2CΓ ′(β)
(∥∥∥∥
(
|∇ηk|2 + 2ηk ∂ηk
∂t
)
Rβ
∥∥∥∥
1,Dk−1
)
 C1(B,T0,Λ, r, n)4kβ
∥∥Rβ∥∥1,Dk−1
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‖R‖ n+2
n
β,Dk
 C
1
β
1 4
k
β β
1
β ‖R‖β,Dk−1 .
We denote by λ = n+2
n
. Hence
‖R‖λk,Dk  C
∑k−1
i=k0
1
λi
1 4
∑k−1
i=k0
i
λ λ
∑k−1
i=k0
i
λi ‖R‖λk0 ,Dk0 , (19)
where k0 is the smallest integer such that λk0  2. If λj = β < 2, we do the iteration with (18)
for k0 steps, one can get
‖R‖λk0 ,Dk0  C2(B,T0,Λ, r, n)‖R‖λ,D. (20)
Combining (19) with (20) and letting k → ∞, we have
‖R‖∞,D′  C3(B,T0,Λ, r, n)‖R‖ n+2
n
,D
 C4(B,T0,Λ, r, n)‖R‖ n+2
2 ,D
,
where D′ = Bg(T0)(p, r2 ) × [T02 , T0]. 
We now prove Theorem 2.
Proof. We prove Theorem 2 by contradiction. Then there exist sequences ti → T , xi ∈ M and
γi ↗ 1, such that
Qi  |R|(xi, ti) = γi sup
M×[0,ti ]
|R|(x, t) → ∞,
as i → ∞. We define the pointed rescaled solutions (Mn,gi(t), xi), t ∈ [−tiQi,0], by gi(t) =
Qig(ti + Q−1i t). Then we have
sup
M×(−tiQi ,0]
|R|gi (x, t) 1
and ∣∣Rgi (xi,0)∣∣= 1.
Now we consider the parabolic area D = Bgi(0)(p, r)×[−1,0] and D′ = Bgi(0)(p, r2 )×[− 12 ,0].
By Lemma 3, we have
lim
i→∞
∥∥R+i ∥∥∞,D′  C limi→∞‖Ri‖ n+22 ,D
= lim
i→∞C
0∫
−1
∫
Bgi (0)(xi ,1)
|Ri | n+22 dμdt
= lim
i→∞C
ti∫
ti−(Qi)−1
∫
Bg(ti )(xi ,Q
− 12
i )
|R| n+22 dμdt
 lim
i→∞C
ti∫
ti−(Qi)−1
∫
M
|R| n+22 dμdt
= 0.
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∫ T
0
∫
M
|R| n+22 dμdt < ∞. This contradicts to
lim
i→∞
∥∥R+i ∥∥∞,D′  limi→∞R+i (xi,0) = 1.
Hence the scalar curvature is uniformly bounded and we can use Theorem 1 to extend the flow.
This completes the proof of Theorem 2. 
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